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Abstract. In this study, we introduce a new model to study the particle
diffusion among 2D scatterers. Different from previous models, the potential
between the particle and scatterers consists of an attractive interaction as well
as a repulsive one. The geometric arrangement of the scatterers has important
effects on the diffusion behavior. In the case of periodic scatterers, the low-
energy particles may show superdiffusive motion while the high-energy ones
diffuse normally. In the case of random scatterers, the global subdiffusive motion
may be observed in an energy region slightly above the localization threshold. The
subdiffusion phenomenon is explored for the first time in Hamiltonian systems
with deterministic scatterers. The mechanism of the observed diffusion behavior
is linked to the stickiness effect of chaotic Hamiltonian systems.
Keywords: stochastic particle dynamics (theory), dynamical processes (theory),
connections between chaos and statistical physics, diffusion
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Anomalous diffusion among two-dimensional scatterers
In recent years, there has been growing interest in anomalous diffusive processes [1]–[14].
The general description of the process is often characterized by time-dependent behavior
of the mean square displacement, 〈r2〉 ∼ tα, where α = 1 defines the normal diffusion,
α > 1 represents the superdiffusion and α < 1 characterizes the subdiffusion. Establishing
suitable microscopic dynamical models is crucial for understanding the mechanism of
diffusive processes. Among the dynamical models, the Lorentz gas model [15] has
been widely applied. The Lorentz gas model describes a free particle diffusing among
scatterers, and thus can be applied to understand the diffusive processes of particles in
condensed matter. It has been reported that the quasi-1D Lorentz gas model [16] can
show both normal diffusive and superdiffusive motion [17]. For the 2D Lorentz gas model,
Zwanzig [18] has found that localization, normal diffusion and superdiffusion may appear
in the case of periodically distributed scatterers, while only the localization and normal
diffusion are observed in the case of randomly distributed scatterers.
In the Lorentz gas model, the interaction between the free particle and the scatterers
is the so-called hard potential. Panoiu et al [19] have extended the model by replacing
the hard potential with the 2D cosine function [14, 19, 20]. They observed localization,
normal diffusion and superdiffusion with the increase of the particle energy.
In this letter, we apply the Lennard-Jones potential as the interaction potential
between the free particle and the scatterers. Since the potential involves both repulsive and
attractive terms, this system may show more complex dynamical behavior in comparison
with the Lorentz gas model and the 2D model with cosine potential. Our purpose is to
explore the difference in diffusive behavior between this model and previous ones.
The scatterers can be distributed not only periodically but also randomly. In the
former case, we demonstrate that the diffusion behavior depends not only on the scatterer
density but also on the particle energy. We emphasize that, in the case of low-density
scatterers, different from the 2D model with cosine potential, the particle undergoes
localization, superdiffusion and normal diffusion with the increase in energy. That is,
superdiffusive motion occurs in our model for the low-energy particles instead of the high-
energy ones.
In the case that the scatterers are distributed randomly, we focus mainly on revealing
the subdiffusion. The subdiffusive motion has never been shown in the Lorentz gas model
and the models with cosine potential. On the other hand, subdiffusion has been widely
observed in various real-world systems, such as semiconductors [7]–[9] for charge–carrier
transportation, porous substrates for the atom deposition process [10], polymer networks
for the probe particle diffusion [11] and DNA for proteins moving along DNA chains [12].
To induce the subdiffusion, Lacasta et al [21] have introduced a damping effect into the
model with cosine potential. Depending on the potential and the damping, they have
observed superdiffusion, normal diffusion and subdiffusion. Whether the subdiffusion can
occur without introducing the damping is an open problem.
Our model consists of a free particle and N = 2500 bounded scatterers in a rectangle
of area S with periodic boundary conditions. The interaction between the free particle
and scatterers is given by the Lennard-Jones potential, υ(rj) = 4ε[(σ/rj)
12] + (σ/rj)
6],
where ε is the interaction parameter, σ is the equilibrium point of the potential and rj is
the distance between the free particle and the scatterer j. The motion of the free particle
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(a) (b)
Figure 1. The contour map of the potential with (a) R = 2 and (b) R = 6. Black
bullets indicate the positions of the scatterers.
The free particle and scatterers are considered as point particles. In our simulation
we set σ, m and ε to be units to define a dimensionless Hamiltonian.
As to investigate the diffusion behavior for periodic scatterers, without the loss
of generality, we study the case that the scatterers are arranged with hexagonal
symmetry [19]. Figures 1(a) and (b) show the contour map of the potential V (r)
respectively with R = 2 and R = 6, where R is the distance between two nearest scatterers.
For the sake of simplicity, the regions with V > 0.5 in the first plot and V > 0 in the
second plot are filled in white. It can be found that the potential function has two types
of critical points, as the points denoted by Vc and Vs in the figure. In the case of R = 2,
Vc’s are local minima and Vs’s are the saddle points. The particle which initially lies in
the region around a Vc can only be transferred to another region through Vs’s. As a result,
the particle will be trapped in the regions around Vc’s and bounded by three neighboring
Vs’s if E < Vs, while in the case of R = 6, Vc’s become the local maxima and Vs’s are still
saddle points. The direction in a decreased gradient for such a saddle point is along the
line connecting two neighboring scatterers. In this case the particle will be trapped in the
ring regions surrounding the scatterers if E < Vs. A structural transition will occur for the
potential function with the change of the scatterer density. It is easy to find this occurs
at R = 2.21. In what follows we take models with R = 2 and R = 6 as representative
examples of high and low scatterer density, and call the former the H-model and the latter
the L-model, respectively.
The global diffusive motion may take place when E > Vs. To identify the diffusion
types, we calculate the mean square displacement of particle positions and show the results
in figure 2. In our calculation only the chaotic orbits are involved. It can be seen that in
the H-model the particle always diffuses normally when the particle energy exceeds the
localization energy, Vs = −0.357. In the L-model, one first observes the superdiffusion
in an energy region slightly above the threshold of the localization energy, Vs = −0.011.
The normal diffusion then appears with a further increase of the particle energy. This is
interesting since in the 2D model with cosine potential [19], the normal diffusion appears
first when the energy exceeds the localization threshold, and then turns to superdiffusion
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Figure 2. Mean square displacement, 〈r2(t)〉, for different particle energy.
(a) R = 2, E = 5.0, −0.2, −0.3 and −0.35 from top to bottom. (b) R = 6,
E = 0.05, −0.006, 0.01 and −0.005 from top to bottom along the right side.
We apply the Poincaré maps to show the dynamical behavior of the particle and
explain the observed diffusion mechanism. In order to construct the Poincaré maps, we
recorder the (x, Px) coordinates of all points along the trajectories for which py passes
through the section of py = 0 from py > 0. Then by using the symmetry properties of the
potential, all these points have been rescaled inside the same unit along x. Figures 3(a)
and (b) show the Poincaré maps of the H-model for the particle energy below and above the
localization threshold, respectively. It can be seen that the motion is already completely
chaotic (no island can be observed) in the energy surface, even though the particle energy
is far below the localization energy. For the L-model, figures 3(c) and (d) show the
Poincaré maps at E = −0.01 and E = 0.1, respectively. Note that the energy values
have exceeded the localization threshold, Vs = −0.011. Figure 3(e) is an enlargement of
a small region in figure 3(c), the central part around (x, Px) = (3, 0). One can see from
these illustrations that the chaotic motion coexists with islands.
The islands are essential for understanding the diffusion behavior of a Hamiltonian
system since they can induce the stickiness of chaotic orbits [22]–[24]. When the islands
disappear completely as in the case of the H-model, the stickiness effect disappears and
the particle will move as a random walker on the energy surface. For E > Vs, the energy
surface is globally connected and the particle will be ergodic on the energy surface. Such
a chaotic Hamiltonian system usually shows normal diffusion, as has been realized in the
case of the well-known standard map [25, 26].
The islands can be classified into two types. The first one represents the usual periodic
orbits, i.e. each orbit in such an island is periodic and localized spatially. The second
type indeed represents the ballistic or accelerated modes of the particle motion [24],
as exemplified by the islands around the line of x = 3 in figure 3(e). Each curve in
these islands is indeed a spatially extended trajectory. The occurrence of cycles is due
to the particular way of constructing the Poincaré map, i.e. a spatially extended regular
trajectory must appear as a cycle after shifting the periodic bins into one bin. This fact
can be clearly shown by plotting the continuous-time trajectories. For the L-model, we
pick up a set of orbits initially locating in a small region around (x, y) = (147, 149) with
E = −0.01, and plot their trajectories in figure 4(a). It can be seen that these trajectories
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Figure 3. Poincaré maps for the H-model at the (x, px) plane with (a) E = −2.1
and (b) E = −0.3, and for the L-model with (c) E = −0.01 and (d) E = 0.1.
(e) Enlargement of a small region around the central part of (c).
which are along the angles 0◦, 60◦ and 120◦, respectively. These channels resulted from
the hexagonal symmetry of the model, as can be seen from figure 1(b). In the Lorentz gas
model, channels along these directions can also exist when the scatterer density is low.
The difference is that the trajectories in a channel are straight lines along the channel
in the Lorentz gas model, while they are regular orbits induced by proper reflection of
the scatterers in our model. In a channel, there are different modes of ballistic motion.
The insets in figure 4(a) are enlargements of the two marked segments of the ballistic
trajectories along the horizontal direction. It can be seen that the two trajectories have
different structures, i.e. the free particle is reflected by each scatterer three times for
the trajectory shown in the left-hand inset, while it was two times for the one shown in
the right-hand inset. As regular orbits, they will appear as cycles on the Poincaré map
constructed by shifting periodic bins into one bin.
When a chaotic orbit gets stuck by a localization island, it will proceed by subdiffusive
motion; on the other hand, when it gets stuck by a ballistic island, it will proceed by
superdiffusive motion. This enables us to predict the existence of the subdiffusive as well
as the superdiffusive trajectories shown in figure 3(c). For clarity, we plot in figure 4(b)
the absolute displacement |r| against t for a set of trajectories which are initially located
in the same region around (x, y) = (147, 149). The initial positions are set as |r| = 0. In
this plot, the trajectories have the relation |r| = kt with k = 0, indicating the ballistic
motion with constant velocity. The parameter k defines the velocity. Indeed, the line
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Figure 4. (a) Typical trajectories at E = −0.01 for the L-model. The insets
show details of two typical ballistic trajectories. (b) |r| against t for a set of
trajectories.
smaller k corresponds to that shown in the left-hand inset in figure 4(a). Other trajectories
may keep the relation of |r| ∼ kt in a time interval, and then deviate from this relation.
This phenomenon obviously indicates the stickiness effect, i.e. a chaotic trajectory may get
stuck by a ballistic mode during a time interval. Similarly, those horizontal segments with
k ≈ 0 in the plots show that the trajectories get stuck by localization modes. However,
because the superdiffusive motion can make a dominant contribution to the calculation
of the mean square displacement, the global motion of the particle will be identified as
superdiffusion.
With the increase of the particle energy, as in the case of figure 3(d), we find that
the islands of ballistic modes disappear and the energy surface is dominated by chaotic
trajectories. In this case, since the localized islands still exist, a chaotic trajectory has
a probability of getting stuck in proceeding to subdiffusive motion. However, we have
checked that the probability is pretty small. This fact leads to the observation of normal
diffusion. By further increasing the particle energy, we have checked that the islands
disappear gradually and the phase space stays completely chaotic. Therefore, the particle
will keep diffusing normally in the higher energy region. In other words, superdiffusion
cannot appear by sufficiently increasing the particle energy in our model.
Note that, when the subdiffusion coexists with the normal and/or superdiffusion, it
may not be revealed by investigating the relation of 〈r2(t)〉 to t. The reason is simple: for
〈r2(t)〉 ∼ tα + tβ, one will get a final relation 〈r2(t)〉 for large enough t, if α > β. This
fact inspires us to study the model of randomly distributed scatterers for the purpose
of finding global subdiffusion. In this model, the ballistic modes are destroyed because
of the absence of geometric symmetry and thus the superdiffusive motion is suppressed.
This situation then has the possibility to observe subdiffusion in the energy region slightly
above the localization threshold.
Figure 5 shows the contour maps of the potential V (r) for a fixed configuration of
randomly distributed scatterers with average density ρ = 0.05 of scatterers. The plots
are obtained by filling the region of V < E by black and the other region by white. It
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Figure 5. (a)–(c) show the contour maps of the potential for a fixed realization
of random scatterers. The region with V < E is filled in black while the other
region is in white. (a) For E = −0.30, (b) for E = −0.05 and (c) for E = 0.20.
(d)–(f) are the corresponding Poincaré maps in a fixed region.
the particle will be localized. A percolation transition takes place at an energy threshold,
above which black clusters connecting the opposite boundaries may exist, as shown in
figure 5(b). The percolation problem has been widely investigated [27, 28]. If the energy
further increases, all the region except for a small portion around scatterers is filled in
black. Figure 5(c) shows such an example at E = 0.2.
The percolation threshold denotes a lower limit of the global diffusion. Whether the
global diffusion can actually take place and what types of diffusion will be observed depend
on the dynamics of the model.
For random scatterers, the method applied previously to obtain the Poincaré maps are
unsuitable. Instead, we show the Poincaré maps in the (x, y) plane. Every time px passes
through the section of px = 0 from px > 0, we plot a point at the corresponding (x, y)
coordinate. Figures 5(d)–(f) show the Poincaré maps of a selected region for E = −0.3,
E = −0.05 and E = 0.2, correspondingly. As can be seen from the inset in figure 5(e), at
E = −0.05 localization islands do exist, while figure 5(f) indicates that at E = 0.2 these
islands disappear.
In figure 6 we present the mean square displacement 〈r2(t)〉 against t for different
particle energies. It shows that with high enough energy the particle diffusion is normal.
In an energy region above the percolation threshold, the 〈r2(t)〉 do show subdiffusive
behavior.
In summary, the model with Lennard-Jones potential has more reality for modeling
the diffusive process in condensed matter, since it involves not only repulsive but also
attractive interactions. In comparison with the Lorentz gas model and the 2D model
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Figure 6. Mean square displacement, 〈r2(t)〉, for the random scatterer model with
different particle energy. From top to bottom along the right side, E = 0.10, 0.05,
0.00, −0.01 and −0.05.
periodic scatterers, the potential function is structurally different for the cases of high
and low scatterer density, and thus the diffusion behavior is qualitatively different. The
diffusion behavior for the H-model is quite simple: only normal diffusion is observed when
the energy exceeds the localization threshold. In the L-model, we observe the localization,
superdiffusion and normal diffusion with the increase in the particle energy. For randomly
distributed scatterers, the essential feature is the existence of subdiffusion in a suitable
energy region above the localization threshold. This fact means that the subdiffusion
observed in various real-world systems may be explained without introducing the damping
effect.
The stickiness effect is essential for understanding the diffusive phenomena. Because
of the stickiness, chaotic orbits may get stuck occasionally by the islands of ballistic
modes and thus precede the superdiffusive motion. They can also get stuck by the islands
of localization orbits and reveal the subdiffusive motion. When the two kinds of islands
coexist, a chaotic orbit may reveal superdiffusion, normal diffusion and subdiffusion. In
this case, the global diffusion may be identified as superdiffusion by studying the mean
square displacement of the particle position, since the superdiffusion makes the dominant
contribution to the asymptotic behavior of 〈r2(t)〉. If only the islands with localization
modes exist, chaotic orbits have the probability to get stuck by the islands. But if
the probability is too small, one still obtains normal diffusion by investigating 〈r2(t)〉.
Therefore, to observe the subdiffusion based on the behavior of 〈r2(t)〉, the superdiffusion
and normal diffusion should be sufficiently suppressed. Our studies reveal that this
condition may be met for particle diffusion among the random scatterers with proper
energy.
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